To Leonid Polterovich with best wishes.
Introduction
The aim of this note is to introduce a new kind of a period for Maass forms. For outsiders of the automorphic world, we recall that in the theory of automorphic functions eigenfunctions of the Laplacian on a finite volume hyperbolic Riemann surface are called Maass forms (after H. Maass who realized their importance in Number Theory). There are 3 types of closed cycles naturally appearing in the theory of automorphic functions on the group G = PGL 2 (R) with respect to a lattice Γ ⊂ G. These are closed horocycles which are associated to closed orbits in the automorphic space X = Γ \ G of a unipotent subgroup N ⊂ G, closed geodesics and geodesic rays starting and ending in a cusp (both of these types are associated to closed orbits on X of the diagonal subgroup A), and closed geodesics circles which are associated to orbits on X of a maximal compact subgroup K.
We propose to consider one more period along a special type of a nonclosed orbit of the subgroup A, i.e., along a non-closed special geodesic on the corresponding Riemann surface. These geodesics will have closed geodesics as their limit sets. Our justification for introducing such cycles is that (generalized) periods of Maass forms along these geodesics satisfy nice analytic properties.
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Periods (with characters) along "classical" cycles lead to Fourier coefficients of cusp forms and to L-functions (e.g., the Hecke L-function given by a period along the geodesic ray connecting two cusps and a special value of a quadratic base change L-function from a theorem of Waldspurger [W] appearing as a period along a closed geodesic), and hence play an important role in Number Theory. Admittedly, we do
not know yet what is the arithmetic meaning of these new periods (although their residues are connected to periods along closed geodesics and hence to special values of L-functions).
1.1. Limiting cycles. Although our methods do not use arithmetic, we describe the phenomenon in the simplest (and probably in the most interesting) case of the modular lattice Γ = PGL 2 (Z) ⊂ G. Denote by
and H = G/K denotes the hyperbolic upper half plane). Let ⊂ Y be a closed geodesic. In particular, lifting to the upper half plane H, we obtain a geodesic˜ ⊂ H connecting points α, α on the absolute P 1 (R) of H (for the lattice PGL 2 (Z), α and α are two conjugate real quadratic irrationalities).
We consider the vertical geodesicL =L α ⊂ H connecting the cusp of Γ at ∞, and let say α. On Y the corresponding geodesic L ⊂ Y becomes a geodesic winding around the closed geodesic in one direction and escaping into the cusp in the opposite direction. Clearly, is in the
In general, is a piecewise smooth geodesic in the case it passes through a conical point on Y (i.e., through a fixed point of an elliptic element in Γ). of the Laplacian ∆ on Y , where λ ∈ R ∪ (0, 1). For s ∈ C, we consider a twisted period of ϕ along L, namely,
where we identify L with the subgroup A α,∞ = Stab G (L) (e.g., by choosing a point onL), and, using this identification, consider multiplicative characters | · | s onL R × + , and an A α,∞ invariant measure dl onL. We can write the same integral in "additive" coordinates on L using the natural geodesic parameter t ∈ R on L (i.e., t = ln a) and the corresponding measure dt given by the length. We have then
It is easy to see that the integral I s (ϕ) is absolutely convergent for Re(s) > 1 (e.g., using the fact that ϕ is a bounded function with an exponential decay in cusps).
Our main result is the following Theorem A. The integral I s (ϕ) is absolutely convergent for Re(s) > 1, and has meromorphic continuation to C.
Moreover, we will identify possible poles and residues of I s (ϕ) in terms of periods of ϕ along the closed geodesic ⊂ Y. We also note that non-cuspidal Maass forms could be also treated by our method.
One can give a reformulation of Theorem A in terms of Fourier coefficients of ϕ. Let
be the Fourier expansion of ϕ λ at ∞. Here we denote by K λ,n (Y ) a variant of the classical K-Bessel function which we will normalize by the correspong matrix coefficient (see (2.2)). Coefficients a n = a n (ϕ λ ), up to a simple twist, coincide with classical Fourier coefficients of ϕ λ , and, in particular, satisfy the asymptotic
By writing the function ϕ onL through its Fourier expansion at the cusp, we obtain a Dirichlet series expression for the integral I s (ϕ). This leads to the following, more "classical", form of Theorem A.
Theorem B. The twisted Dirichlet series
is absolutely convergent for Re(s) > 1, and has meromorphic continuation to C.
Remarks. 1. Comparing poles and residues of D s,α (which are given in terms of twisted periods of ϕ along ), we see that the combination D s,α − D s,α is holomorphic (or what is the same, the combination
is holomorphic where L α is the cycle connecting α to the cusp at ∞ and "L" stands for the cycle with the reversed orientation).
Our method also naturally treats the signed sum
and as a result the sum
Our proof also gives a polynomial in s and λ bound for D s,α (ϕ λ ).
2. Dirichlet series for the "additively twisted" L-function
were studied extensively starting with Hecke for a ∈ Q (this leads to the usual Hecke L-function and hence have holomorphic continuation to C).
Properties of D s,a for an irrational a were studied, among other places, in [C] and [MS] , and in [M] for GL(n), and it is certainly expected that for a general a, the corresponding series does not have analytic continuation to C.
3. The proof we give does not use arithmetic. It is interesting to see if for the arithmetic Γ and Hecke-Maass forms, the above Dirichlet series have some arithmetical meaning (from what we have seen above, residues of this series do have a connection to special values of Lfunctions via the theorem of Waldspurger [W] ).
We note that the cycle over which we integrate has clear arithmetic description (for a congruence subgroup of Γ = PGL 2 (Z)). Let E be the quadratic field corresponding to the geodesic (in particular, the primitive element γ corresponds to a unit in an order in E). We have the natural imbedding E × → GL 2 (Q) which gives rise to the real
In the quotient space this gives the geodesic (or rather a collection of geodesics corresponding to the class group of the corresponding order). The corresponding tori T E (R) has α andᾱ as fixed points on P 1 (R). In the light of the Waldspurger theorem [W] which deals with the period squared | ϕ| 2 , it is natural to consider the imbedding T E (R)×T E (R) → GL 2 (R)×GL 2 (R) coming from two conjugated imbeddings E → R. Note that pointwise these two imbeddings of T E (R) coincide with one fixing the pair α,ᾱ and another the pairᾱ, α. In the quotient space X × X the corresponding cycle × is compact. Our period L α or rather the product L α × Lᾱ ⊂ X × X could be described in similar terms. Consider another tori
while T E is defined over Q (both are conjugate in GL 2 (E)). T E has two conjugated imbeddings into GL 2 (R). Hence we obtain the imbedding
with one component fixing the pair ∞, α and another ∞,ᾱ. In the quotient space this becomes our cycle L α × Lᾱ. The corresponding cycle is not compact since there are no points in T E which are defined over Q (unlike for the tori T E ). This
shows that the product of integrals I s (ϕ) · I −s (φ) is given by an integral over a cycle in Y × Y which is defined over E while the Waldspurger cycle is defined over Q.
4. For another instance of an analytic continuation of a pairing I, v s for a singular vector v s ∈ V λ , see [R1] . In that case, singularities of the test vector v s are at rational points on P 1 (R), and the analytic continuation is achieved with the help of Hecke operators.
5. Integrals along limiting cycles L α were considered in [MM] from a different point of view for the group PSL 2 (Z). In particular, it is shown in [MM] that for any fixed x ∈L α and y ∈L α , the mean value of the
ϕ(l)dl converges to the period integral ϕ(l)dl for α which is a fixed point of a hyperbolic element in PSL 2 (Z) (and in particular is independent of x), and vanishes for other irrational α. For α which is a fixed point of a hyperbolic element in PSL 2 (Z), we can deduce this result from the existence of the simple pole of I s (ϕ) at s = 1 with the residue given by the period along the closed geodesic . In fact, we can treat also twisted integrals
ϕ(l)χ(l)dl where, as in (1.1), we view L α as an orbit of A and χ : A → C × a character trivial on Γ = A ∩ Γ. Looking at poles of I s (ϕ) at appropriate s, we see that the limit is given by the twisted period ϕ(l)χ(l)dl along the corresponding closed geodesic .
6. We also have analogous results for integrals over limiting geodesics winding down from one closed geodesic to another closed geodesic (such a geodesic has two rotational numbers, for a general discussion, see [P] ), although these integrals are not easily expressible in terms of Fourier coefficient (and in fact, such integrals could be treated for co-compact lattices as well). We note that there are infinitely many non-homotopic geodesic having two closed geodesic (or a closed geodesic and a cusp) as their limit set. Our result is valid for any such a geodesic.
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Proof
We now present the proof of Theorem B (and Theorem A follows easily from Theorem B by writing ϕ on L α through its Fourier expansion).
Our proof is based on standard methods in representation theory of automorphic functions (and, in particular, use of co-invariants of representation of PGL 2 (R) with respect to some cyclic subgroups coming from Γ).
2.1. Representation theoretic setup. Let π λ be an automorphic representation associated to a cuspidal Maass form ϕ λ (this means that we have an abstract unitary representation π λ of G and an isometry ν : L π λ → L 2 (X) such that ν(e 0 ) = ϕ λ for a K-fixed vector e 0 ∈ V π λ of norm one). We will work with the space of smooth vectors
⊆ L π λ and will assume that λ ∈ iR (i.e., π λ is a principal series representation of G). Frobenius reciprocity (e.g., see [BR] ) gives the
for any smooth vector v ∈ V λ . The functional I belongs to some Sobolev class of functionals on V λ .
In [BR] , we showed that the functional I has finite − 1 2 + ε -Sobolev L 2 -norm for any ε > 0 (similar results for the Hölder class were obtained in [O] , [S] ). The space V λ has natural realization in the space of smooth functions C 
where W n,λ : V λ → C is a Whittaker functional. We normalize Whittaker functionals by their norm on the space of Γ ∞ -co-invariants (V λ ) Γ∞ C ∞ ([0, 1]) in the following way. We view W n,λ as a generalized vector in π −λ . We fix W 1,λ (x) = e 2πix and denote by W n,λ (x) = |n|
2πinx . Hence up to a factor of the absolute norm one, W n,λ is given by the exponent e 2πinx .
Note that with such a normalization of functionals W n,λ , coefficients a n in (2.1) do not depend on the change of sign of λ (but do depend on a choice of W 1,λ ).
In order that coefficients a n in (2.1) will be consistent with the Fourier coefficients of ϕ λ in (1.2), we normalize K-Bessel functions in (1.2), by the corresponding matrix coefficient, i.e., by +s in the linear model of the representation π λ . We have
where the Fourier transform gives F(|x|
. We remark that it is more natural to shift s by 1 2 and consider the vector (which we will denote by the same letter) d s,α (x) = |x − α|
The vector d s,α is not a smooth vector, and we have to make sense out of the pairing I, d s,α . We will show that in fact this pairing is well-defined for Re s > 1 (since the corresponding vector belongs to an appropriate Sobolev space) and, moreover, the corresponding pairing has meromorphic continuation (because d s,α belongs to an appropriate Sobolev space after the projection to co-invariants of V λ with respect to the cyclic subgroup Γ ⊂ Γ corresponding to the geodesic ).
2.2. Co-invariants. Our aim is to analytically continue the expression
+s . It is easy to see that d s,α is an eigenvector of the action of the torus A α,∞ ⊂ G on P 1 (R). Namely, we
and the corresponding (quasi-)
We now use the fact that Stab Γ (∞) = Γ ∞ = {e} and that Stab
The generalized vector d α,s is smooth outside of ∞ and α. We use partition of unity to separate these singularities. Let u 0 be a real valued function supported near α and u ∞ the complimentary function ∈ A for some q > 1 (q is easily given in terms of length of ). We denote by A = a ⊂ A the corresponding subgroup. The space of co-invariants (V λ ) Γ is naturally isomorphic to the space of (smooth) functions on 
, we can compute (multiplicative) Fourier coefficients
where s j ∈ iR are defined by the condition π λ In fact, since A R × has two connected components, we also have to consider "odd" multiplicative Fourier coefficients b
.
We claim that coefficients b Hence it is enough to compute scalar products in V λ L 2 (R) of the form |x| a ∈ A α,α with the natural meaning of the character |a| s sign ε (a) (recall that A α,α = A is the subgroup which is conjugate to the diagonal subgroup A = A 0,∞ and such that Γ ∩ A = Γ ). Coefficients s j ,ε are nothing else but (appropriately normalized) twisted (by the character |a| s j sign ε (a)) periods of ϕ along the geodesic . In fact, since we deal with the group PGL 2 (R) and the corresponding diagonal subgroup A has two connected components, orbits of A on X are coming in pairs of connected orbits or one connected orbit with an automorphism (which could be trivial). Periods s j ,ε reflect this structure (this is discussed in detail in [R2] ). We note that it is easy to see that coefficients b ± j (s) are polynomial in s (and in λ) and this gives polynomial bounds for the analytically continued series D s,α (ϕ λ ).
